ON FROBENIUS INCIDENCE VARIETIES OF LINEAR 
SUBSPACES OVER FINITE FIELDS 
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Abstract. We define Frobenius incidence varieties by means of the incidence 

^ ' relation of Frobenius images of linear subspaces in a fixed vector space over 

/^*\ ^ a finite field, and investigate their properties such as supersingularity, Betti 

^^ , numbers and unirationality. These varieties are variants of the Deligne-Lusztig 

(^"^ ' varieties. We then study the lattices associated with algebraic cycles on them. 

We obtain a positive-definite lattice of rank 84 that yields a dense sphere 
packing from a 4-dimensional Frobenius incidence variety in characteristic 2. 
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1. Introduction 



j^ , Codes arising from the rational points of Deligne-Lusztig varieties have been 

studied in several cases [TU [TSl HO]. In this paper, we investigate lattices arising 
from algebraic cycles on certain variants of Deligne-Lusztig varieties, which we call 
Frobenius incidence varieties. We study basic properties of Frobenius incidence 
varieties such as supersingularity, Betti numbers and unirationality. By means 

^!k ' of intersection pairing of algebraic cycles on a 4-dimensional Frobenius incidence 

variety over F2 , we obtain a positive-definite lattice of rank 84 that yields a dense 

^O ' sphere packing. 

I • I 1.1. An illustrating example. Before giving the general definition of Frobenius 

^—v ■ incidence varieties in i )1.21 we present the simplest example of Frobenius incidence 

f^ I surfaces, hoping that it explains the motivation for the main results of this paper. 

We fix a vector space V over ¥p of dimension 3 with coordinates {xi,X2,X3), 
and consider the projective plane ¥^,{V) with the homogeneous coordinate system 
K^ \ {xi : xi : xs). Let F be an algebraic closure of Fp. An .F- valued point (ai : a-i : 03) 

'j_j ■ of P*(V) corresponds to the 1-dimensional linear subspace oiV ® F spanned by 

C^ \ (oi, 02, as) G V ®F . Let P*(y) denote the dual projective plane with homogeneous 

coordinates (j/i : 2/2 '■ Vs) dual to {xi : X2 ■ X3). An F- valued point (bi : 62 ■ ^3) 
of P*(y) corresponds to the 2-dimensional linear subspace oi V (E) F defined by 
61X1 -I- b2X2 + b^x^ = 0. The incidence variety is a hypersurface of P^,{V) x P*(l/) 
defined hy xiyi + X2y2 + x^ys = 0, which parametrizes all the pairs {L,M) of a 
l-dimensional linear subspace L and a 2-dimensional linear subspace M such that 
LCM. 

Let g be a power of p by a positive integer. The qth power Frobenius morphism 
oiV^^Fis the morphism from ]/ (g) F to itself given by {xi,X2,X3) i-> {xl,xl, x^). 
For a linear subspace N oiV (E)F, we denote by iV^ C V(E)F the image of N by the 
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2 I. SHIMADA 

qth power Frobenius morphism, which is again a linear subspace oi V ® F. If a 2- 
dimensional hnear subspace M of F(X)F corresponds to a point (61 : 62 : 63) € P*(F), 
the linear subspace iW corresponds to the point (6^ : 62 ■ ^3)- 

We take two Frobenius twists of the incidence variety, and take their intersection. 
Let r and s be powers of p by positive integers. The hypersurface of P, (T^) x P*{V) 
defined by 

(1.1) x[yi + X2y2 + xly3 ^ 

parametrizes the pairs (i, M) such that L^ C M, while the hypersurface of P, (F) x 
¥*{V) defined by 

(1.2) xiyf + X2y2 + xsvl = 

parametrizes the pairs {L,M) such that L C Af. Using affine coordinates of 
P*(T^) X ¥*{V), we see that these two hypersurfaces (jl.l|) and (|1.2|) intersect trans- 
versely. Let X be the intersection, which is a smooth surface parameterizing the 
pairs (L, M) such that 

L"" C M and L C M", 
or equivalently 

L'^c A/nA/'■^ 

or equivalently 

L + L" C Af^ 

We put q := rs, and count the F^i^-rational points of the surface X for positive 
integers v, that is, we count the number of the pairs (L, Af ) of Fg.'-rational linear 
subspaces L and M that satify the above conditions. Consider the first projection 
TTi : X — )• P*(F). Let P be an Fg.^ -rational point of P*(F) corresponding to L C 
V (>^ F. Then, if dim(L -I- L'^) = 2, the fiber tt^^{P) consists of a single Fq..-rational 
point corresponding to the Fg..-rational subspace M such that L + L"^ ~ Af, while, 
if dmi{L + L'') = 1, it is isomorphic to an F^^ -rational projective line parameterizing 
subspaces M such that L + L'^ C M^ . Since dim(L -|- L'^) = 1 holds if and only P is 
an Fq-rational point of P, (T^), the number of the Fg^ -rational points of X is equal 
to 

'qi^-l q^-l\ fq^''-l\ fq^-y 



q" -I q-l J Xq" -1 J \q-l 
If we put 

N{t) ■.^t^ + {q'^ + q + 2)t+l, 

then this number is equal to N{q'^). In particular, from the classical theorems on 
the Weil conjecture (see, for example, [121 App. C]), we obtain the Betti numbers 
b,{X) of the surface X. We have ba{X) = b^iX) = 1, bi{X) = b^iX) = and 

b2{X)=q^+q + 2. 

Remark that, when r > 2 and s > 2, the canonical line bundle 0{r — 2, s — 2) of 
X is ample and has non-zero global sections. Hence, the complex algebraic surface 
Xc defined by ^^ and ([L2]) in CP^ x CF^ cannot be unirational (see [H Chap. V, 
Remark 6.2.1]), and the second Betti cohomology group of Xc cannot be spanned 
by the classes of algebraic cycles because of the Hodge-theoretic reason (see [HI 
p. 163]). 
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However, the surface X has the so-caUed pathological properties of algebraic 
varieties in positive characteristics, that is, X contradicts naive expectations from 
the properties of Xc- Since the projection tti : X —>■ ¥^,{V) gives rise to a purely 
inseparable extension of the function fields, X is unirational. Moreover, since N{t) 
is a polynomial in t, the eigenvalues of the qth power Frobenius endmorphism 
acting on the /-adic cohomology ring of X is a power of q by integers. According to 
the Tate conjecture, the second /-adic cohomology group of X should be spanned 
by the classes of algebraic curves on X defined over F,. This is indeed the case. 
There are 2{b2{X) — 1) special rational curves defined over F, on X; the fibers 
Sp of TTi : X -J> P*(T^) over the F^-rational points P of P*(V"), and the fibers S'q 
oi TT2 ■■ X ^ P*(y) over the Fg-rational points Q of P*{V). By calculating the 
intersection numbers between these curves (see [T^l Chap. V, §1]), we see that the 
numerical equivalence classes of Sp and Sg together with the classes of the line 
bundles 0(1, 0) and 0(0, 1) form a hyperbolic lattice A/'(X) of rank b2{X) under the 
intersection pairing. Thus their classes span the second /-adic cohomology group of 
X. 

When p ^ r = s = 2, the surface X is a supersingular K3 surface in character- 
istic 2 with I disc Af {X)\ = 4. The defining equations (II. ip and (II. 2p . which were 
discovered by Mukai, and the configuration of the 21 + 21 rational curves Sp and 
Sq played an important role in the study of the automorphism group of this K3 
surface in Dolgachev-Kondo [6]. 

Looking at this example, we expect that the lattice A/'(X) possesses interesting 
properties. In particular, its primitive part can yield a dense sphere packing. 

1.2. Definitions and the main results. We give the definition of Frobenius 
incidence varieties, and state the main results of this paper. 

Let p be a prime, and let q := p'^ be a power of p by a positive integer v. For a 
field F of characteristic p with an algebraic closure F, we put 

F« := {xi\xe F} and F^/^ := {x e F \ x'^ (E F}. 

For a scheme Y defined over a subfield of F, we denote by Y{F) the set of i^- valued 
points of Y. 

We fix an n-dimensional linear space V over Fp with n > 3, and denote by G„^i = 
GJJ~' or by Gv,i = Gy~ the Grassmannian variety of ^-dimensional subspaces of 
V. To ease the notation, we use the same letter L to denote an i^-valued point 
L e Gn,i{F) of Gn,i and the corresponding linear subspace L d Vp :— V ® F. 
Moreover, for an extension field F' of F, we write L for the linear subspace L^pF' 
of Vp' ■ Let (j) denote the pth power Frobenius morphism of Gn,i <8) Fp over Fp, and 
let 0'') be the (/-fold iteration of 0. Then 0^"?^ induces a bijection from Gn,i{F) 
to G„j(F«). We denote by L? G Gn,i{P'') the image of L S Gn,i{F) by (k^'^K and 
by L^/* e Gn,i{F^^'^) the point that is mapped to L by 0'^*). Let (xi, . . . ,x„) be 
Fp-rational coordinates of V. If L is defined in Vp by linear equations ^ ■ atjXj = 
(i = 1, . . . , n—l) with Uij € F, then L^ is defined by the linear equations ^ ■ a^Xj — 
{i = l,...,n-l). 

Let I and c be positive integers such that l + c < n. We denote by I the incidence 
subvariety of Gn,i x G^- By definition, I is the reduced subscheme of Gn,i x G^ 
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such that, for any field F of characteristic p, we have 

I{F) = { {L,M) e Gr^AF) X GniF) I L C M }. 

Let r and s be powers of p by non-negative integers such that r > 1 or s > 1 
holds. We define the Frobenius incidence variety X[r, s]^ to be the scheme-theoretic 
intersection of the pull-backs (0*^'''' x id)* I and (id x (/)(*')*! of I, where id and 
(j)^^' denote the identity map: 

X[r,s]'{ := (0('^) X id)*Z n (id x cf)^'^)*!. 

For simplicity, we write X or X[r, s\ or Xf for X[r, s\i if there is no possibility of 
confusion. The scheme X is defined over Fp and, for any field F over Fp, we have 

(1.3) X{F) = { (i, M) e Gn,i{F) X G^(F) | L^ C M and L C Af" }. 

We have the following: 

Proposition 1.1. The projective scheme X is smooth and geometrically irreducible 
of dimension (n — I — c){l + c). 

Example 1.2. Let {xi : • • • : a;„) and (j/i : • • • : y„) be homogeneous coordinates 
of Gy^i = P*(y) and Gy = V*{V), respectively, that are dual to each other. Then 
the incidence subvariety I is defined by J^^iVi = in F^{V) x P*{V), and hence 
X [r, s] I is defined by 

Q ^x \ xlyi-\ h xl^ yn = 0, 

\ xiyl + ■■■ +Xn yj; = 0. 

Therefore X[r, s]\ is of general type when r and s are sufficiently large. 

We show that the Frobenius incidence varieties, which are of non-negative Ko- 
daira dimension in general, have two pathological features of algebraic geometry in 
positive characteristics; namely, supersingularity and unirationality. 

Our first main result is as follows: 

Theorem 1.3. There exists a polynomial N{t) with integer coefficients such that 
the number of ¥ (^^gY -rational points of X is equal to N{{rsY) for any v € Z>o. 

In other words, X is supersingular over F^s in the sense that the eigenvalues of 
the rs th power Frobenius endomorphism acting on the /-adic cohomology ring of 
X ® Frs are powers of rs by integers. 

We also give in Theorem 12.21 a recursive formula for the polynomial N(t). We 
see that the odd Betti numbers of X are zero, and can calculate the even Betti 
numbers 621 (^) of X via the formula 

dimX 

(1.5) N(t)= ^62.(X)f. 

i=0 

Example 1.4. The Betti numbers of X[r,s]J in Example 11.21 are 

if i < n — 2, 




1 „ r, , ii^^\n \)j[rs — \) iii = n — 2. 
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The number of rational points of the Dehgne-Lusztig varieties has been studied 
by means of the representation theory of algebraic groups over finite fields. See, 
for example, [57] and [5] • Our proof of Theorems 11.31 and 12.21 does not use the 
representation theory, and is entirely elementary. 

Our next result is on the unirationality of the Frobenius incidence varieties. A 
variety Y defined over F^ is said to be purely-inseparably unirational over F^ if there 
exists a purely inseparable dominant rational map P > Y defined over Fg. 

Theorem 1.5. The Frobenius incidence variety X is purely-inseparably unirational 

over Fp. 

The relation of supersingularity to unirationality has been observed in various 
cases. See Shioda [24j for the supersingularity of unirational surfaces, and see 
Shioda-Katsura [26^ and Shimada [22^ for the unirationality of supersingular Fermat 
varieties. 

From the defining equations (|1.4p of X[r, s]J, we see that X[r, s]} is a complete 
intersection of two varieties of unseparated flags [T3], or more specifically, of two 
unseparated incidence varieties P3 §2]. Varieties of unseparated fiags are classified 
in [55] and [13]. Their pathological property with respect to Kodaira vanishing 
theorem was studied in [16]. 

Next we investigate algebraic cycles on the Frobenius incidence varieties. Let A 
be an F^s-rational linear subspace of 1^ :=V® F^s such that I < dim A < n — c. 
We define a subvariety Ea of Gn,i x G^ by 

(1.6) I]a:=Ga,;xG^^/^(.,. 

Then Ea is defined over ¥rs and, for any field F over F^s, we have 

Ea(F) = { {L,M) e G„j(F) X G-'^iF) | i C A and A"" C M }. 

It follows from A*"" = A that Ea is contained in X. In Theorem 14. li we calculate 
the intersection of these algebraic cycles Ea in the Chow ring A{X) of A. (See [T^J 
App. A] or TIF for the definition of Chow rings.) 



Applying Theorem 14. II to the case / = c = 1, we investigate the lattice generated 
by the numerical equivalence classes of middle dimensional algebraic cycles of 

Xl = X[r,s]l C Gy,i X Gi. = P,(V^) x P*{V). 

Note that, when / = c, we have 2dimEA = dim A[r,s]; for any A. Let A"^'^{Xl) 
denote the Chow group of middle-dimensional algebraic cycles on Xl over ¥p. For 
z = 1, . . . , n - 1, let /ij be the intersection of A| with P, x P^-i C P*(y) x P*{V), 
where Pj is a general j-dimensional projective linear subspace oi¥^,{V) or ¥*{V). 
Then hi is of middle-dimension on Xl. We consider the submodule 

generated by /ii, . . . , /i„-i and Ea associated with all Fj-s-rational linear subspaces 
A of F (g) ¥rs such that 1 < dim A < n — 1. Then we have the intersection pairing 
on Af{Xl). Let Af{Xl)^ denote the submodule oi U{Xl) consisting of x G J^{Xl) 
such that {x, y) — holds for any y e Af{Xl). We set 

N-iXl):=Sf{Xl)/MiXl)^. 
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Then Af{Xl ) is a finitely-generated free Z-module equipped witli the non-degenerate 
intersection pairing 

U{Xl) X U{Xl) -^ Z. 

Thus Af{Xl) is a lattice. In Theorem l5.ll we describe the rank and the discriminant 
of this lattice. As a corollary of Theorem 15.11 we obtain the following: 

Corollary 1.6. The l-adic cohomology ring of X^ (8) Frs 'is generated by the coho- 
mology classes of the algebraic cycles Ea o-nd the image of the restriction homo- 
morphism from the cohomology ring o/P, (T^) x P*(l/). 

In Theorem l5.1l it is shown that the discriminant oi M{X\) is a power of p. This 
fact is an analogue of the theorem on the discriminant of the Neron-Severi lattice 
of a supersingular K2i surface (in the sense of Shioda) proved by Artin [1] and 
Rudakov-Shafarevich [3T]. See also [53] for a similar result on the Fermat variety 
of degree g -I- 1. 

For X e AfiXl), let [x] G 7V(X/) denote the class of x modulo J\f{Xl)^. We 
define the primitive part JVpiim{Xl) oi J\f{Xl) by 

J^priraiXl) := { N G M{Xl) \ {[x], [h,]) = for i = 1, . . . , n - 1 }. 

For a lattice L, let [—1]'^L denote the lattice obtained from L by multiplying the 
symmetric bilinear form with (—1)''. 

Theorem 1.7. The intersection pairing on Afprim{Xl) is non- degenerate. The 
lattice [— l]"A/'prim(-'^i) ^^ positive- definite of rank \F'^~^(¥rs)\ — 1- 

In the last section, our construction is applied to the sphere packing problem. We 
investigate the case n = 4, and study the positive-definite lattice A/'prim(-^[2, 2]}) 
of the 4-dimensional Frobenius incidence variety ^[2, 2]}. 

Theorem 1.8. Suppose that n — A. The lattice A/'prim(Ar[2, 2]}) is an even positive- 
definite lattice of rank 84, with discriminant 85 • 2^^, and with minimal norm 8. 



In particular, the normalized center density of A/'prim(-'^[2, 2]}) is 2'^'*/-\/85 = 
230.795...^ while the Minkowski-Hlawka bound at rank 84 is 2^'^-^^^-. See S0for the 
definition of normalized center density and Minkowski-Hlawka bound. 

In the proof of Theorem 1 1.8[ we construct another positive-definite lattice M.c 
of rank 85 associated with a code C over IjKL. The normalized center density 
232-5 Qf j^^ jg j^^go larger than the Minkowski-Hlawka bound 2^^''^^-- at rank 85. 
See Theorem 16. II 



1.3. The plan of this paper. The proofs of these results are given as follows. 
In f}2l we show that the Frobenius incidence variety X is smooth in Proposition l2.H 
and give a recursive formula for the number of F^j-^w-rational points of X in The- 
orem 12.21 Proposition 11.11 and Theorem 11.31 follow from these results. In ^31 we 
show that X is purely-inseparably unirational. In Sj4l we give a formula for the 
intersection of the algebraic cycles Ea in the Chow ring oi X. In SjSl we study the 
case where I = c = 1, and prove Corollary [L6] and Theorem 1 1.71 In the last section, 
we study the case n — A, I — c— l,r~s~2, and prove Theorem [TT 
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2. Number of rational points and the Betti numbers 

In this section, we prove Proposition 11.11 and Theorem II .31 

It is useful to note that the defining property (II. 3p of the Frobenius incidence 
variety X = X[r,s]'[ is rephrased as follows: 

X{F) = { {L,M) e Gn,i{F) X G^(^) I i'' C M and L C M" } 

(2.1) = { (i, M) e GnAF) X G'^JF) I L + L-'C M' } 

= { (i, M) e GnAF) X Gi{F) I L'- c M n ivr^ }. 

We denote by 

Sn,i -^ Gnj and Q^ ^ G^ 
the universal subbundle oi V (E) O —> Gn,i and the universal quotient bundle of 
V" (8) O — >■ G^, respectively. We consider the vector bundle 

£ :- nom{pY*{Sn.,i),pr*{Q'„)) -> G„,, x G^ 

of rank Ic, where pr denotes the projections Gn,i x Gfj — 7> Gn,i and G„,; x G^ — > G^. 
Let 7 : Gn.i x Gfj — > £ denote the section of £ corresponding to the canonical 
homomorphism 

We then put 

(2.2) T := (0M X id)*£: ® (id x 0(^))*£, 

which is a vector bundle over Gn,i x GJ^^ of rank 2lc that has a canonical section 

7:=((0Wxid)*7, (idx,/,(^))*7) : GnjxG^^^T. 

Since the incidence variety I is defined on Gn.i x G^ by 7 = 0, the subscheme X 
of Gn.i X GJ^ is defined by 7 = 0. 

Proposition 2.1. T/ie section 7 intersects the zero section of J- transversely in 
the total space of !F. In particular, the scheme X is smooth of dimension 

dini(G„j X G^) - 2Zc = (/ + c)(n - / - c). 

Proof. It is enough to show that, for any field F of characteristic p, the tangent 
space to X at an arbitrary _F- valued point of X is of dimension {I + c){n ^ I — c). 
Let (L, M) be an F- valued point of X. Then the tangent space to Gn.i x G^ at 
(L, M) is canonically identified with the linear space 

T{L, M) := Hom(i, Vp / L) ® Hom(Af, Vp/M), 

and the tangent space to X at (i, Af ) is identified with the linear subspace of 
r(L, M) consisting of pairs (a, /3) G T{L^ M) that make the following diagram 
commutative: 

L '^ M 

(2.3) -i ;^ 

Ff/X ^ Ff/M, 

where the horizontal arrows are the natural linear maps. 

We now let (L, M) be an F- valued point of X. Note that the Frobenius morphism 
induces the zero map on the tangent space. Suppose that r > 1 and s > 1. Then 
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the tangent space to X at (L, M) is identified with the hnear subspace of T{L, M) 
consisting of pairs (ck,/3) tliat make both triangles 

i" ^ M L 

(T^) o\ 1/3 and (T„) «; \ o 

Vf/M Vf/L -¥> Vf/M^ 

commutative. Suppose that r = 1 and s > 1 (resp. r > 1 and 5 = 1). Then the 
tangent space to X at (L, M) is identified with the linear subspace of pairs (a, /?) 
that make both of (|2.3p and (T„) (resp. (|2.3p and (T^)) commutative. In each case, 
one easily checks that the dimension of the tangent space is (Z + c) (n — ^ — c) . D 

Next we count the number of Fj^sy^ -rational points of X. In order to state the 
result, we need to introduce several polynomials. 

For each integer I with < / < ri, we define a polynomial gn,i{x) — Qn^^i^) G '^[x] 
of degree l{n — I) by 

Note that gn,i{x) is monic if l{n — ?) > 0, while gnS){x) = gn.n{x) = 1. We also put 
gnj{^) = gn^\x) ■= for / < or / > n. 

Then the number of Fg./-rational points of Gn,i = G"^^^ is equal to gn.i{<f) ~ 
g^~^{q^). Let >~ denote the lexicographic order on the set of pairs [1,(1) of non- 
negative integers I and d: 

{l,d)^ {l',d') ^=^ l>l' ot{1^ I' and d>d'). 

By descending induction with respect to )^, we define polynomials Ti,d{x, y) G Z[a;, y\ 
as follows: 

(2.4) Ti,a{x,y) := I ....,,. 

ygnA^) li d = l<n, 

and, for d < / < n, by 

2l-d I 

(2.5) Ti^d{x,y) := ^ T2i-d,u{^^y) ■ 9u,i{y) - X! ■^'.*(^'2/) ' 9n-2i+t,t-d{y)- 

u=l t=d+l 

Finally, for positive integers I and c with I + c < n, we put 

I 
(2-6) Nf'ix^y) :^^Ti^d{x,y) ■ gn_2i+d{y) e Z[a;,y]. 

The main result of this section is as follows: 

Theorem 2.2. The polynomial -/Vf (x, y) is monic of degree {I + c){n — I — c) with 
respect to the variable y, and the number of W^^-gy -rational points of X — X[r, s]^ 
is equal to Nf{rs^ {rsY). 



Theorem 12.21 provides us with an algorithm to calculate the Betti numbers of X 
by (jl.Sp . From Proposition 12.11 and the fact that N^{x,y) is monic with respect to 
y, we obtain the following: 

Corollary 2.3. The Frobenius incidence variety X is geometrically irreducible. 



FROBENIUS INCIDENCE VARIETIES 



Thus the proof of Proposition 11.11 and Theorem 11.31 wih be completed by Theo- 
rem [221 



For the proof of Theorem 1 2. 21 we let q be a power of p by a positive integer, and 
define locally-closed reduced subvarieties Ti^d of Gn,i over Fp by the property that 

(2.7) Ti^F) = { L e Gnj{F) I dim(L n L") = d } 

should hold for any field F of characteristic p. First we prove the following: 

Proposition 2.4. For any pair {l,d) of non-negative integers I and d, the number 
of ¥ qu -rational points ofTid is equal to Ti^di<l,<l'^)- 

Proof. We proceed by descending induction on {l,d) with respect to y. By defi- 
nition, we have Tj_d(Fq^) — % for any v E Z>o if / > ?i or d > L Since L — L'^ \s 
equivalent to the condition that L be Fq-rational, we have 

T/,;(Fg.) = G„,/(F,) for aU j/ e Z>o. 

Thus \Ti,d{¥qu)\ = Ti,d{q,q'') holds for any {l,d) with ^ > n or d > Z by dlH). 
Suppose that d < I < n and that |T//d/(Fq^)| = Tii^d'{<ii<f) holds for any {l',d') 
with (r, d') >- {I, d). We count the number of the elements of the finite set 

Vi,d ■■= { {L, M) e G„,,(IFq-) X G„.2/-d(F,.) | L + L« c M } 

in two ways. If [L, M) e Vi,d, then we have d < dim(L n L"?) <l. If L e 7],t(F,.) 
with d < t < I, then dim(i+i'') = 21 — t holds and the number of A/ e Gn,2i--d(^q") 
containing L + L' is equal to gn-2i+t.t-d{q'^)- Hence we have 

(2.8) \Vud\ = Y. \Ti,0i-)\ ■ 9n-2i+ut-d{qn- 

t=d 

On the other hand, a pair {L,M) e G„,i(F,.) x G„,2/-d(FgO satisfies L -f L? C M 
if and only if L« C MnM«, or equivalently, if and only if L C MnM^/^. Note that 
Mi/« is also F,.. -rational. If L? C MnM? holds, then we have I < dim(MnM«) < 
21 - d. If dim(M n M?) = u with I < u < 21 - d, then the number of L € G„,;(Fq.) 
contained in M n M^^^ is equal to gu,i{,q^)- Hence we have 

2/-rf 

(2.9) |Pi,d|=^|r2/-d,«(F,.)|.g,u(g''). 
Comparing p.8|) and p.9p . we obtain 

\Tl.d{Vqu)\ ■ gn-2l+d,o{q'') 

2l-d I 

= ^|T2,_d,„(F,.)|-<?«,/(9")- E |r,,t(F,.)|-5n-2i+M-d('7") 

= Tl.dil'l") 

by the induction hypothesis and the defining equality (|2.5p . If n — 2/ + d < 0, then 
ffn-2;+rf,o(2;) = and hence we have n^diqiq") = 0, while we have T/^d(Fg..) = 
because L e T/^rf(Fq^) would imply dim(L -I- L') > n. If n — 2Z -f d > 0, then we 
have |T,,d(F,.)l = n^diq.q") because g„_2i+d,o('7") = 1. Therefore |Tj,rf(F,.)l = 
Ti,d{q, q^) is proved for any (Z, d). D 
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Next we put 

6{l,d) ■.^{l-d){n-l + d), 
and prove the following: 

Proposition 2.5. Consider the following condition: 

C{l,d): niax(0, 2/ - n) < d < ; < n. 

IfC(l,d) is false, then Ti,d{x,y) — 0. If G{l,d) is true, then Ti^d{x,y) is non-zero 
and of degree 5{l, d) with respect to y. IfC{l, d) is true and 6(1, d) > 0, then Ti,d{x, y) 
is monic with respect to y. 

Proof. First remark that, if a{x,y) € 'L[x,y\ satisfies a{q,q") = for any prime 
powers q and any positive integers u, then we have a{x, y) — 0. 

If C(Z, d) is false, then Ti,d is an empty variety for any q by definition, and hence 
Ti,d{x,y) = by Proposition 12.41 

We prove the assertion 

S(l d) / '^(^''^^ ^ T/,d(a::,y) 7^ and deg,yT,,<i(a;,2/) = ^(Z,d), 

1 G{l,d) and S{l,d) > => Ti^d{x,y) is monic with respect to y, 

by descending induction on {l,d) with respect to the order >~. If C(/,(i) is false, 
then S(Z, d) holds vacuously. Hence we can assume that S(Z', d') holds for any [V , d') 
with [V ,d') >~ {l,d), and that C{l,d) is true, li d = I, then S{l,d) holds because 
Ti,i{x,y) — gn,i(x) is a non-zero constant with respect to y. We assume that d < I. 
Note that now we have n — I + d > I > d and S{1, d) > 0. First we study the second 
summation of (|2.5p . For t with d+l<t<l,we have 



6(1, t) + Aegg.n-2i+t,t-d{y) = 5{l, d) - t(t - d) < S{1, d). 

Hence, by the induction hypothesis, every term in the second summation is non-zero 
of degree < 6{l,d) with respect to y. Next we study the first summation of (|2.5p . 
Note that the condition C(2/ — d, u) on u is 

max(0, Al ~ 2d ~ n) < u < 21 - d. 

From the induction hypothesis, the non-zero terms in the first summation are 

Su '-^ T2i-.d,uix,y) ■ gu,iiy) with inaji{l,Al -2d- n) <u <2l - d. 

By the equality 

S{21 - d,u) + deggu,i{y) = S{l,d)- {u - l){u - 41 + 2d + n), 

every non-zero term in the first summation is of degree < S{l,d) with respect to y. 
Moreover there exists one and only one term of degree equal to 6(1, d), which is 

/2 10) isi=T2i-dAx^y) ■ 9i,iiy) iil>Al-2d-n, 

\s4l-2d-n = T2l-dAl-2d-n{x,y) ■ gil-2d-nAv) H I < 41 - 2d - n. 

It remains to show that this term is monic with respect to y. In the case where 
I > 41 — 2d — n, the term si is monic with respect to y, because gi^i{y) — 1 and 
S{21 - d,l) = S{1, d) > 0. We consider the case I < 41 - 2d - n. Note that 

di :=d{2l-d,4l-2d-n) = [n - 21 + d){2l - d) > 0, 



FROBENIUS INCIDENCE VARIETIES 11 

and that Si = holds if and only ii n — 2l + d = 0, because we have 2/ — d > / > 0. 
Suppose that Si > 0. Then T2i-d,Ai-'2d-n{x,y) is monic of degree Si with respect 
to y by the induction hypothesis. If 5i ~ 0, then we have 

T2i-dAi-2d-n{x, y) = T„_„(a;, y) = g„,„(x) = 1. 

On the other hand, g4i-2d-n,i{y) is monic of degree > for Z < 4:l — 2d—n. Therefore 
the term S4i-2d-n in the second case of (|2.10|) is also monic with respect to y. Thus 
the statement S{l,d) holds. D 

Proof of Theorem \2.2[ We show that Nf{x,y) is monic of degree 

S{l,c) := {I + c){n - I - c) 
with respect to y. We put 

td ■■^Ttd{x,y) ■ gn^2i+d{y)-, 

so that Nf{x, y) = X]d=o ^d- li d < 21 ~ n + c, then td = because gn-21+diy) — 0- 
Suppose that d > satisfies d > 21 ^ n + c. Then we have 

S{1, d) + degg';,_2i+d{v) = Kl c) - d{d~ 21 + n- c) < S{1, c). 

Hence every non-zero term td is of degree < S(l, c) with respect to y, and there are 
at most two terms that are of degree equal to S{l,c)] namely, 

to^n,o{x,y) ■ gn^2i{y) and t2i-n+c = Ti^2i-n+c{x,y) ■ gc{y)■ 
lf 21 — n + C < 0, then t2i^n+c does not appear in the summation X]d=o^''' ^^"^ 
to is non-zero and monic with respect to y because C(/,0) holds, S{1,0) > and 
'^^S9n-2iiy) > 0- li 21 — n + c = 0, then t2i~n+c = ^o is non-zero and monic 
with respect to y because C(/,0) holds, S{1,0) > and ff^_2z(y) — 9ciy) = 1- 
li 21 — n + c > 0, then to = because g'^_2i{y) — 0, and the term t2i-n+c — 
Ti.2i-n+cix,y), which appears in the summation since 2/ — n + c < ^, is non-zero 
and monic with respect to y because C(/, 2^ — n + c) holds and S{1, 2l~ n + c) > 0. 
Thus, in each case, there exists one and only one term that is non-zero of degree 
5{l,c), and this term is monic with respect to y. Hence the assertion is proved. 

Finally we prove that the number of F(,,s),^ -rational points oi X = X[r,s]'^ is 
equal to Nl^{rs, (rsY). For simplicity, we put q := rs. By the property (|2.1|) of X , 
it is enough to show that the number of the pairs {L,M) e Gnj{Wqi') x G'$^(Fg^) 
satisfying L + i« C M" is equal to Nf{q,q''). Note that G'„,i(Fq.') is the disjoint 
union of the finite sets Ti^di^q") over d with Q < d < I. If L S Gn,i{^q'') is 
contained in Ti^d(Fqv), then L + L'^ is of dimension 21 ~ d and hence the number of 
M' G GJj(Fg..) containing L + L'^ is 5^_2i+d('?'')- Because M M- AP is a bijection 
from G'^(Fq..) to itself, the number of the pairs is equal to the sum of n^diq^q'^) ■ 
gn-21+dil'') O'^^^ ^ '^it'^ < d < / by Proposition 12.51 Thus we have |X(Fq.')| = 
iVf (g, q") by the definition ^^. D 

The following is useful in the computation of Ni{x,y): 

Corollary 2.6. We have Ti^d{x,y) = Tn-i,n-2i+d{x,y) for any {l,d). 

Proof. We choose an inner product V^ x F — > Fp defined over Fp, and denote by 
L^ C Vp the orthogonal complement of a linear subspace L <zVf- Then L h^ L^ 
induces an isomorphism Gv,i ^ Gv,n-i- Since {L'^)'^ = [L^Y and L^ C\ {L^Y — 
{L + L"^)^, this isomorphism induces a bijection from Ti^di^q^) to Tn-i^n-2i+d{^q")- 
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Thus the equahty follows from Proposition 12 .41 and the remark at the beginning of 
the proof of Proposition [231 D 



Example 2.7. We have 

^1 (a;, y) = 9nAy) ■ 9n-2{y) + gnA^) ■ igl-iiy) - 5r\-2(y)). 

and hence the Betti numbers of X[r, s\\ in Example 11.41 are obtained. 
Example 2.8. We have 



T2,i{x,y) = 


Tn-2,n-z{x,y) 


= 


9n,n-l{y) - gn,n~l{x) + gn,n-l{x) ■ gn-l,n-2{y) - gn,n-2{x) •52,l(y), 


and hence 




Nl[x,y) = 


gliy) ■ gLM + giiy) ■ gl-M + 3«(^) ■ gl-M ■ gl^M 




- gliy) ■ gl-iiy) - gUx) ■ gl-iiy) ■ gl-M + glix) ■ 5^2(2/) 




- glix) ■ g\{y) ■ gl^siv) - glix) ■ gl_M + glix) ■ gl{y) ■ gl_^{y) 



- glix) ■ gl^^iy) + glix) ■ gl^^iy). 

For instance, consider the case where n = 7. Then the Betti numbers of the 12- 
dimensional Frobenius incidence variety X[r, s]2 are as follows, where q :— rs: 



bo = &24 


1, 


&2 — &22 


2 


&4 = &20 


5, 


be = bis 


q^ + q^ + q-^ + q^ + q^ +q + 8, 


bs = bie 


2 {q^ + q^ +q'^ + q^ + q^ +q) +12 


bio = biA 


: 3{q^ + q^ + q^ + q^ + q'^ + q) + 14 


bi2 ■■ 


q^° + q^ + 2q^ + 2q'^ + 6q^ + 6q^- 



6q'^ + 5q^ + 5 q^ + Aq+ 16. 

Remark 2.9. The fact that Nf{x,y) should be palindromic with respect to y helps 
us in checking the computation of Ni{x, y). 

As a simple corollary of Propositions 12.41 and 12. 5[ we obtain the following. Let 
K denote the function field of X. By the generic point of X, we mean the pair 
(L^, M^) of K-rational linear subspaces corresponding to 

SpecK -^ X ^^ Gn.i X G^, 

where Spec k ^f X la the canonical morphism. 

Proposition 2.10. Let {L,f,Mri) be the generic point of X . 

(1) If2l + c > n, then Ljj + L'L'^ = A/,'?. If2l + c < n, then the projection X — > Gn,i 
is surjective and hence L^j + L" is of dimension 21. 

(2) Ifl + 2c>n, then M^nM^^ = L;^. Ifl + 2c<n, then the projection X ^ G^ 
is surjective and hence M^i D MI'* is of dimension n — 2c. 

Proof. We put q := rs again. The function d^ : (L, A/) !—> dim(L + L"^) is lower 
semi-continuous and bounded by rt — c from above on X. If 21 + c > n, then 
C{1, 21 — n + c) is true and S{1, 21 — n + c) > 0. Therefore the set Ti^2i-n+ci^q-') 
is non-empty for a sufficiently large v. Hence d^ attains n — c on X, and thus 
dim(L^ + Lf) = n — c. Therefore we have Lrj + L'' — AI^. Let k^ denote the 
function field of G„,;. If 2^ -I- c < n, then the generic point L-y £ G„,;(K-y) satisfies 
dim(L^ + L^) = 2Z < n — c. There exists a K-y-valued point Nj £ G'1^{kj) such 
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that L-y + i^ C N-y, and hence {Lj,Nj ) is a K-y -valued point of X. Thus the 
assertion (1) is proved. 

The assertion (2) is proved in the dual way. D 

3. Unirationality 

In this section, we prove Theorem 11.51 

Note that the purely inseparable morphisms 

0(") X id : Gv.i xCy-^ Gvd x Cy and id x ^t"^) : Gv.j x G^ ^ Gv,i x G^ 

induce purely inseparable surjective morphisms 

X[rs,l]^ X[r,s] and X[l,rs] -^ X[r, s] 

defined over Fp. Hence it is enough to prove that ^[g, 1] is purely- inseparably 
unirational over ¥p for any power q of p. We prove this fact by induction on 21 + c. 
Suppose that 21 + c < n. We show that X[q, 1] is rational over ¥p, and hence, a 
fortiori, purely-inseparably unirational over ¥p. For the generic point {Lr^^Mrj) of 
X[q, 1], we have dim(i^ -f L^) = 21 by Proposition 12.10^ 1). We fix an Fp-rational 
linear subspace K <zV oi dimension 21. Then there exist a non-empty open subset 
U of Gv,i and a morphism 

a:U^ GL{V) 

defined over Fp such that, for any field F of characteristic p and any F- valued point 
L € U{F), we have dim(L -I- L') — 21 and a{L) £ GL{Vf) induces an isomorphism 
from K®F to L + L'i. Let M/K H> M denote the natural embedding G^,^ ^-> Gy. 
Then the morphism 

given by {L,M/K) i— )• {L,a{L){M)) is a birational map defined over Fp from the 
rational variety U x Gy,j^ to X[q, 1], with the inverse rational map being given by 

iL,M)^{L,a{L)-'{M)/K). 

Suppose that 21 + c> n. We put 

I' := 21 + c — n and c' :— n — I. 

Then we have Z' > 0, c' > and V + c' < n. We show that X :— X[q, 1]^ is birational 
over Fp to X' := X[l, q]f, . We denote by k and k' the function fields of X and X', 
respectively. Note that 

X{F) = { {L, M) e GnA{F) xG^„{F) \ i + i" c M }, 
X'{F) = { {L',M') e GnM+c-n{F) X GnA{F) I L' C M' n A'f"? }. 

By Proposition I2.10f 1). the generic point {Ljj,AIjj) of X satisfies L,, + L-' ~ A/^, 
and hence dim(L,, n L'') = 21 + c — n. Therefore we have (i^ n L^,i^) e X'{k), 
and hence 

{L,M)^ {LC^L\L) 
defines a rational map p : X > X' defined over Fp. On the other hand, we have 

/ + 2c = n + c > n. 

By Proposition [13ni;2), the generic point {L'^, M'^) of X' satisfies M'^ n M'^^ = L'^, 
and hence 

dim(M;^ -I- M^'^) = 2{n - c') - I' = n ~ c. 
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Therefore we have {M^,M^ + M'^) e X(k'), and hence 

{L', M') v^ (M', M' + M"?) 

defines a rational map p' : X' > X defined over Fp. Note that p'{p{Ln, M,^)) is 

defined and equal to {Lrj,M^). Note also that p{p'{L'^,M'^)) is defined and equal 
to {L' M'). Hence X and X' are birational over ¥p. Since 

21' + c' = 2l + c-{n-l-c) <2l + c, 

the induction hypothesis implies that X' is purely- inseparably unirational over ¥p. 
Therefore X is also purely- inseparably unirational over ¥p. D 

Remark 3.1. We have established the facts that ^[g, 1]^ is rational over ¥p for 
21 + c < n, and that ^[1, q]'[ is rational over ¥p for I + 2c < n. 

4. Intersection pairing 

In this section, we calculate the intersections of the subvarieties Ea defined 
by (HH) in the Chow ring of X = X[r,s]l 

For a smooth projective variety Y of dimension m, we denote by A''{Y) = 
Am-k{y) the Chow group of rational equivalence classes of algebraic cycles on 
Y with codimension k defined over an algebraic closure of the base field, and by 
A{Y) = A'^iY) the Chow ring of Y. 

In order to state our main result, we need to define a homomorphism tp. Let W 
be a w-dimensional linear space, and let 

Sw,i — ^ Gw,i — Gyj^i 

denote the universal subbundle oiW®0 over Gw,i- Let xi, . . . , x; be the formal 
Chern roots of the total Chern class c{S)^i) of the dual vector bundle S'y/i'- 

c{S^.i) = {l + x^) {l + xi). 

Then we have a natural homomorphism 

i^^^i : Z[[xi,...,xi]f' -^AiGwj) 

from the ring of symmetric power series in variables xi,. . . ,xi with Z-coefficients 
to the Chow ring A{Gw,i) of Gw.i- Let U he a, u-dimensional linear space, and let 

Qu ^ Gjj = G„ 

denote the universal quotient bundle oiU^O over G^. Let j/i, . . . , ?/c be the formal 
Chern roots of the total Chern class c((3^): 

ciQ1j)^il + yi) (1 + 2/c). 

Then we have a natural homomorphism 

< : Z[[y,,...,y,]f^^AiGtj). 

Composing ipw,! '^ ipu and the natural homomorphism 

A{Gw,i) <E> A{Gtj) -^ A{G^j x G^), 

we obtain a homomorphism 

^ : Z[[xi,...,xi,y,,...,y,]f'-^^^^A{G^,ixGl) 

from the ring of &i x ©c-symmetric power series to A{Gw,i x GJ^). 
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Let A and A' be Frs-rational linear subspaccs oiVw:~ V (E)¥rs- We consider the 
intersection of the subvarieties Ea and Sa' of X in A{X). We put 

m := dim(A n A') and fc := n - dim(A + A'). 

Then we have 

e :— dimSA + dimEA' — dim AT = {I — c){c — I + m — k) , 

and the intersection of Ea and Ea' in A{X) is an clement of Ae{X). We put 

T:=AnA' and -.^ Vw/{A + A'Y . 

Since Ea = Ga,i x Gy ,^r and Ea' = Ga'.i x Gy ,^,^, the scheme-theoretic inter- 
section of Ea and Sa' is the smooth subscheme 

r := Grd X Gq ^ Gmd x G^. 
Then the intersection of Ea and Ea' in Ae(X) is localized in Ae(r) = A'^{r), where 

d := dimF — e = kl + mc — 2lc. 
The following is the main result of this section: 

Theorem 4.1. Let A and A' be as above. Then the intersection ofTi^ and Ea' in 
A{X) is equal to the image of the codimension d part of 

i>{f) e A{T) 

by the push-forward homomorphism Ae{T) — > Ae{X), where f is the &i x &c- 
symmetric power series 

nLi nj=i(l + rx^ + yj){l + x, + syj) ' 

and ip is the homomorphism to A{T) ~ A{Gm,i x G^) defined above. 

Proof We denote by T{Y) -^ Y the tangent bundle of a smooth variety Y. Note 
that the tangent bundle of a Grassmannian variety is the tensor product of the dual 
of the universal subbundle and the universal quotient bundle. 

Let W and W' be linear subspaccs of Vw with dimension w and w' , respectively, 
such that W C W, and let i : Gw,i ^^' Gw',i denote the natural embedding. For 
the universal subbundles Sw.i -^ Gw.i and Sw'.i -^ Gw'.u we have 

(4.1) i St^ii — S^j. 

We denote by Q^~ — >■ Gw,i and Q^7 — > Gw'.i the universal quotient bundles. 
Then we have an exact sequence 

-^ Qw'^ -^ i*Qw7^ -^ W'/W®0 ^ 
of vector bundles over Gw.i- Therefore we have the following equality in A(Gw,i)'- 

(4.2) i*c{T{Gw'a)) = c{T{Gwa)) ■ c(^^,, )'"'-"'. 

Let Vf ^^ U ^ Vf/K and Vf ^ t/' = Vf/K' be linear quotient spaces of V^ such 
that K' C K. We put u := dim U and u' :— dim U' . Let j : G^ ^^ G^, denote the 
natural embedding. For the universal quotient bundles Qfj — > Gfj and Qfj, -^ Gfj, , 
we have 



(4.3) fQ 



u' — ^u- 
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By the argument dual to the above, we obtain the followmg equaUty in A{Gij): 
(4.4) fcinCtj,)) = ciTiGl,)) ■ ciQ^jf-^ 

We consider the vector bundle 

TiX)\r 
■ r(SA)|r+r(SAO|r 

of rank d over F. By the excess intersection formula [101 P- 102], the intersection 
of Sa and Ea' in A(X) is equal to the image of the top Chern class Cd{X) e 
A'^(r) = Ae(r) of X by the push-forward homomorphism ^e(r) —> Ae{X). Hence 
it is enough to show that the total Chern class c{X) G A{r) of X is equal to ip{f)- 
From the exact sequence 

^ r(F) ^ r(SA)|r©r(EAO|r ^ r(EA)|r+r(SA')|r ^ 
and Proposition [2TT1 we have 

(X)^ c(r(Gy, xGf.)|r)-c(r(F)) 
^ ^ c(-F|r)-c(r(SA)|r)-c(r(SAOIr)- 
We put 

A:=dimA and A' := diniA'. 
By (|4.1l) - (l4.4p . we have the following equalities in /1(F): 

c(T{Gv,i X G^y)\r) - c(r(F)) • (c(5f ,)"— ® c(Q^e)"-') , 

c(r(SA)|r) = c(r(F)).(c(5^,)^-"^c(Q^)"-'=-^), 
c(r(SA')lr) = c(r(F)).(c(5^,)^'-"®c(Q^)"-'^-^'). 

Here 0(5"^ ,)^ (g) c(Q^)'^ e A(G't,;) ® vl(G^) is identified with its image in yl(F) = 
j4(G't,; X Gq). Since A + A' = rri + n — A:, we have 

c(A')=c(^|r)-i-(c(5^,)'®c(Q^er)- 
By the definition ((2?2)) of J" and (|4?T1) and (|43)) . we have 

J-|r = (0('')*5^,®Q^) © (^f,®</'(^)*Q^), 
where pr* is omitted. Note that 

; c 

c(<^W*5f,) = [](l+ra;,) in A(Gt,0 and c{<P^'^*Q'e) ^ Hil+syj) in A(G^). 
i=i 3=1 

Hence c(J^|r) G ^(r) is the image of 
; c 
[| [|(1 + rx, + yj){l + x, + syj) G Z[[xi, . . . ,xz, j/i, . . . , yj]®"'®'^ 

by the homomorphism t/j. Therefore we have c{X) — ipif) in ^(F). D 

When I — c, the intersection number of Sa and Sa' in A'[r, s]| is defined and 
equal to the degree of the ^o-component of '0(/) € A(r). When Z = c = 1, we have 
S^-^ = 0(1) on Gt,i = P™"^ and Q^^ = 0(1) on G^ 5^ P'^-^. Therefore we obtain 
the following: 
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Corollary 4.2. Suppose that I = c = 1, and let A and A' be as above. Then the 
intersection number o/Sa and Ea' in X[r, s]\ is equal to the coefficient of x™"^^ y^^^ 
in the power series 

{l + rx + y)-\l + x + sy)-\l + x)\l + yr € Z[[.T,y]]. 

5. The lattice U{X) 

In this section, we treat the case I = c = 1. We put X := X[r,s\\ throughout 
this section. 

We denote by discA/'(X) the discriminant oi M{X). We put 

f{n) := ^-^^—- = |P"-i(F,,)|. 
rs — i 

Theorem 5.1. The rank of the lattice Af{X) associated with X = X[r, s\\ is equal 
to the middle Betti number b2in-2){^) of X . If n > 3, discA/'(A") is a divisor of 
min(r, s)("~^)''^(")~-'^', while if n — 3, discA/'(A") is a divisor o/min(r, 5)-^^'^)+-'^. 

For the proof of Theorem I5.1[ we fix notation. We write [Ea] € -^{X) and 
[hi] G J^{X) for the rational equivalence classes of the algebraic cycles Ea and h^ 
modulo A/'(X)-L. 

Let Vo denote the set of Fj.s-rational points of ¥^,{V), whose cardinality is f{n). 
For a positive integer k < n, let Ck denote the set of fc-dimensional F^s-rational lin- 
ear subspaces oiVr'.— V (^¥rs- For A g £fc, we denote by P, (A) the corresponding 
(k — l)-dimensional projective linear subspace of P, (y) over ¥rs, and put 

S{A):={PeVo I PeP*(A)}. 

For P E Vo, let £{P) E Z\ denote the corresponding F^s-rational linear subspace of 
dimension 1. 

We calculate the intersection numbers of the classes \h^ and [Ea] in M{X). By 
Corollary 1121 for P eVq and A e £fc, we have 




(5.1) (Pa],p.(p)]) = <;;, ' ifpe^(A), 

' " otherwise. 

For A £ Ck, the subvariety Ea is a Cartesian product of P*(A) C P*{V) and 
P*(F/A'') C P*(V") with dimP,(A) = fc - 1 and dimP*(T//A'^) ^n-l-k. Hence 
we have 

/r, -, r„ ■,^ 1 H i + k — U , 

(5.2) (N,[Ea])-<^^ ^, . 

V otherwise. 

Recall from Proposition l2 . 1 1 that X C P»(F) x P*(T^) is a subvariety of codimension 
2 defined as the zero locus of the section 7 of the vector bundle 0{r, 1) © 0(1, s) of 
rank 2. Hence the intersection numbers of the classes [hi] are 



(5.3) (N,N)= . 

n 

otherwise. 
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We fix a point Bq ^Vq, and consider the following four submodules of J^{X): 



H 

M 

Mo 

Md 

Here (wi, 



[hi\,...,[hn-l\ ), 

( [D.^p)] I PeVo,P^Bo}, where [D,(p)] 
. , Wat) denotes the submodule generated by wi, . 



e{p) 
HP) 



-i{p) 



P, 



.,VN- 



The following is elementary: 



Lemma 5.2. Let m be an integer > 3, and let u,v,t be indeterminants. Consider 
the mx m matrix A(m,u,v,t) = {aij)i<ij<rn defined by 



u ifi+j 

1 + uv if i + j 

V 



t 


V 

Then we have 

detA(m,u,?;,i) = (-l)[™/2] 



= TO, 

= TO, -\ 

if i + j = TO, -i 

ifi=j^m, 

otherwise. 

(ww)™+i - 1 
uv — I 



1, 

2, 



+ {-ur-H 



where [m/2\ denotes the integer part ofm/2. 



D 



Proof of Theorem \5.1\ By the duality, we can assume that s < r. 

If the cohomology class of a; € A/'(X) is zero, then x is obviously contained 
M[X)-^. Hence, by Example 11.41 the rank oi M{X) is at most 

b := b2in-2){X) =n + f{n) - 2 = (n - 1) + {\Vo\ - 1). 

First assume that n > 3. We show that M{X) is of rank 6, and that its discrim- 
inant divides s("-2)(/(n)-i)^ Consider the submodule V. + Mq oi N{X) generated 
by the b classes 

(5.4) [/ii],...,[/i„_i], [E,(p)] (PgPo, P^Bo). 

By (|5.1I) , (|5.2|) and (j5.3p , the intersection matrix of these classes is 



A:= 



' 






An 




o 

1 ... 1 




1 




O 




i-sr-'i 




1 





where A-h '■— A(n — l,s,r, 0) is the intersection matrix of the classes [hi] and / is 
the identity matrix of size f{n) — 1. By Lemma |5.2[ we have 

detl = detA(ri-l,s,r,io) •det((-s)""2/) 



-1) 



[("-l)/2] 



i-s) 



(«-2)(/(n)-l) 



^ 0, 
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where to := —{f{n) — l)/(— s)"^^. Thus H + Mo is a lattice of rank b with the 
basis (|5.4p . Since ia.nkJ\f{X) < b, we conclude that ran'kJV{X) ~ b and that JV{X) 
contains H + A^o as a sublattice of finite index. Therefore disc A/'(X) is a divisor 
of disc(-H + Mo) = ±s("-2)(/(")-i). 

For the case 71 = 3, we consider the submodule {[hi]) + M. The intersection 
matrix of the generators [hi] and [S^(p)] {P G Vo) of this submodule is the diagonal 
matrix of size b — /(3) + 1 with diagonal components s, — s, . . . , —s. Consequently, 
{[hi]) + A^ is a lattice of rank b with the discriminant zbs^*^'^^"'"^. Hence A/'(X) is a 
lattice of rank b containing {[hi]) + A^ as a sublattice of finite index, and disc J\f{X) 
is a divisor of s-'''"^-'+^. D 

Proof of Corollary{LE By Proposition [IHI the subvariety X C F^iV) x F*{V) is 
a smooth complete intersection of very ample divisors Di g |0(r, 1)| and D2 G 
|0(l,s)|. Hence, by Lefschetz hyperplane section theorem of Deligne [5] (see 
also [E]), the inclusion of X into P*(F) x P*(y) induces isomorphisms of /-adic 
cohomology groups in degree < dimX. On the other hand. Theorem 15.11 implies 
that the cycle map induces an isomorphism from A/'(X) ig) Q; to the middle /-adic 
cohomology group oi X. D 

Remark 5.3. Theorem 15.11 implies that, if r = 1 or s = 1, then J\f(X[r,s]\) is 
unimodular. Recall from Remark 13.11 that, if r = 1 or s = 1, then X[r, s]J is a 
rational variety. 

Next we prove Theorem 11.71 on the primitive part A/'prim(-'^) oi Af{X). 

Proof of Theorem \1.7\ We use the notation in the proof of Theorem 15.11 Since 

det A-H = det A{n - 1, s, r, 0) == ±f{n) ^ 0, 

the submodule H is a sublattice oi J\f(X) with rank n — 1. Therefore Afprim{X) = 
H^ is also a sublattice with 

rank7VpHm(X) = 6 - (n - 1) = f{n) - 1. 

By (|5.2|) . the classes 

(5.5) Pa] -Pa-] (A, A' e £&, fc = 1, . . . ,n - 1) 

are contained in A/'prim(-'^)- In particular, we have Md C J^pinn{X). By (|5.1|) . we 
have 



([Z?,(P)],[D,(p,)])= ,^ 



2(-s)"-2 if p = p'^ 
(-s)"-2 if p _^ p/ 



Hence the intersection matrix Ad oi the classes [Di(^p-)] [P e Vq^P 7^ -Bq) is non- 
degenerate. Therefore Md is of rank f{n) — 1, and we have 

(5.6) MD®<^ = ^fprira{X)®Q. 

The symmetric matrix Ad multiplied by (—1)" defines a positive-definite quadratic 
form. Hence [— l]"A/'piim(A') is a positive-definite lattice. D 
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6. Dense lattices 

In this section, we investigate the case where n = A, I = c = 1 and p ^ r = s — 2, 
and prove Thcorcm ll.81 We put X :— ^[2,2]} throughout this section. Note that 
X is of dimension 4. 

The minimal norm, Afmin(i) of a positive-definite lattice L of rank m is the 
minimum of norms x'^ of non-zero vectors x £ L, and the normalized center density 
S{L) of L is defined by 

5{L) := (discL)-i/2 . (iV„,in(L)/4)'"/2, 

where discL is the discriminant of L. It is known that, for each ni, there exists a 
lattice L such that S{L) exceeds the Minkowski-Hlawka bound 



C(m) • 2-™+! • K 



m ' 



where ^ is the Riemann zeta function and Vm is the volume of the m-dimensional 
unit ball. (See J3J Chap. VI] or |3J Chap. 1] for the Minkowski-Hlawka theorem.) 
However the proof is not constructive. 

We recall the notion of dual lattices. Let L be a lattice. Then L (g) Q is equipped 
with the Q-valued symmetric bilinear form that extends the Z-valued symmetric 
bilinear form on L. We define the dual lattice L^ of L by 

L"^ := {x e L(^Q I (x, 2/) e Z for any y e L}. 

Then L^ is a Z- module containing L as a submodule of finite index. By definition, 
if Li and L2 are sublattices of a lattice L3 such that Li C £2 ® Q, then Li is 
contained in Lj . 

We use the notation of the previous section adapted to the present situation 
n = A and p = r = s = 2. Note that 7W is a lattice of rank /(4) = jT'ol = 85 with 
the orthogonal basis [^^(p)] {P S Vq). Let 

A/s(^) C MpriraiX) 

be the submodule generated by the classes (|5.5p . Since A4d C A/'s(X), we have 

Md(^Q^ AAs(X) «) Q = AAprim(^) ® Q 

by (|5.6p . In particular, Af^{X) is a lattice. Since Md C M, we have J\fj:{X) C 
7W (K) Q in A/'(X) (g) Q. We apply the above argument to ii = A/'e(-'^), L2 = M, 
Lj, = Af{X), and regard Afs{X) as embedded in the dual lattice A^^. 

Let ep [P G T'o) be the basis of M.^ dual to the orthogonal basis [Sf(p)] of AA: 
(6.1) X^ := -Lep ^ Z^'l 

PGPo 

We describe the submodule Afs C A^^ in a combinatorial way using the projective 
geometry oiVo = P^{¥i). We put 

Vk-i :- { 5(A) I AeCk }, 

which is a subset of the power set 2''^" oiVo- By ()5.ip . the vector [^^(p)] G A^ C Al^ 
is equal to s""^ ep = 4ep, and hence we have M — s"^^ (A^^) == 4A^^. Moreover 
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-valued symmetric bilinear form on Al^ is given by 

l/s"-2 ^ 1/4 if P = P', 
iiP^ P'. 

pgS 
By (15. ip . we see that JVt, is the submodule of A^^ generated by 

(6.2) s^''{vs-vs') {S,S'eVk-i, k^l,...,3). 

Next we introduce a code C over 

i? := Z/s"-iZ = Z/8Z 

and a lattice Mc- The reduction homomorphism A^^— >A^^(X)i?is denoted by 
II H^ i;. Let C C A^^ (g) i? be the image of A/s C A^^ by w H> zJ. Using (16. ip . we 
regard C as a submodule of i?^*^"*) = R^^, and consider C as an i?-code of length 85. 
Let Ale C A^^ denote the pull-back of C by the reduction homomorphism. Since 

Mc = (AAs) + 8(A1^) = (AAs) + 2{M), 

the Q- valued symmetric bilinear form on A^^ takes values in Z on Aic- Therefore 
Aic is a lattice. 

Theorem 6.1. The lattice Mc is an even positive- definite lattice of rank 85, with 
discriminant 2'^'^ , and of minimal norm 8. 

Proof. Since A4c is the submodule generated by the vectors (|6.2p and Sep {P £ Vq) 
in A^^, we can calculate the basis and the Gram matrix of Aic by a computer, 
and confirm that Mc is even and of discriminant 2^". For P ^ P' , the vector 
4(ep — ep') e Mc in (|6.2p with fc = 1 has norm 8. Hence all we have to prove is 
that every non-zero vector of Mc is of norm > 8. We assume that a non-zero vector 
Ws G Mc satisfies Wg"^ < 8, and derive a contradiction. We express Ws as a vector 
in Z^(4) ^ ^85 ^y ^^ j^gjjj^^ ti^at Ws e C C i?^^ is the code word w^ mod 8. 

For J/ = 0, 1, 2, 3, we put 

/C^ := Ker( C -^ X'' «) i? ^ X"" «) Z/2''Z ), 

where A^^ (X) i? — > A4^ (g) Z/2''Z is the reduction homomorphism. Then we have a 
filtration 

C — /Co D /Ci D /C2 D /C3 = 0, 
and each quotient 

Fy := Ky/lCv+i 
is naturally regarded as an F2-code of length 85. 

We fix terminologies. Let F C F^ be an F2-code. The Hamming weight wt(ci;) 
of a code word w G F is the number of 1 that occurs in the components of uj. The 
weight enumerator of F is the polynomial X^ixigT"^^* ■ 

We compute the weight enumerator of the F2-code 

TQ^Mc/{Mcr\2M'^) C M"" /2M'' = M"" ®¥2 
of dimension 16 by a computer. The result is 

1 + 3570 x^^ + 38080 x'^° + 23800 x'^^ + 85 a:^^ 
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If the image of w^ € C by the projection C — > Fq were non-zero, then Ws would 
have at least 32 odd components and hence Ws'^ > 8. Thus we have Ws E ICi. The 
F2-code 

is of dimension 60. The weight enumerator of Fi cannot be calculated directly, 
because 2^° is too large. However, the orthogonal complement F^"- of Fi with 
respect to the standard inner product on F^^ is of dimension 25, and hence its 
weight enumerator is calculated in a naive method. Via the Mac Williams Theorem 
(see [m Ch.5]), we see that the weight enumerator of Fi is 

1 + 17850 a;** + 45696 a;^"+8020600 x^^ + 229785600 x^^ + 4668633585 x^^ + ■ ■ ■ 

■■■ + 1142400 x^* + 23800 x^^ + 357 x^°. 

In particular, every non-zero code word of Fi is of Hamming weight > 8. There- 
fore, if the image of Wg G /Ci in Fi were non-zero, then w^ would have at least 8 
components that are congruent to 2 modulo 4, and hence Wg'^ > 8. Thus we have 
Ws e /C2- The F2-code 

r2 = {Mcn4M'')/{Mcn8M'') C AM^'/SM'' ^M"" <S)W2 

is of dimension 84, and is defined in TM^ (g) F2 by an equation 

a;o + • • ■ + xm = 0. 

Therefore, if the image of His € IC2 in F2 were non-zero, then Ws would have at least 
2 components that are congruent to 4 modulo 8, and hence Ws'^ > 8. Thus we have 
Ws G /C3. Hence every component of Wg is congruent to modulo 8. Since Ws is 
non-zero, we have Wg'^ > 8, which contradicts the hypothesis. D 

Proof of Theorem \1.8\ Since Nt.{X) is generated by the vectors (|6.2p . we can cal- 
culate the Gram matrix of Nt.{X), and show that discA/i;(X) = 85 • 2^^. On the 
other hand, using ()5.1|) . (|5.2|) and (|5.3p . we can realize % and N{X) as submodules 
of ("H + A^o)^ in terms of the dual basis of the basis (|5.4|) of H + Mq, and com- 
pute the Gram matrix of A/'prim(^) = "H^ . It turns out that Npri-ai{X) is also of 
discriminant 85 • 2^^. Hence we conclude that Ny.{X) = Mpri-ax{X). It is easy to see 
that the minimal norm of A/s(X) is < 8. Since Ny,{X) is embedded in the lattice 
A^C: we see that A/'prim(-^) is even and of minimal norm > 8 by Theorem 16.11 D 

Remark 6.2. The intersection pairing of algebraic cycles on an algebraic variety 
in positive characteristic has been used to construct dense lattices. For example, 
Elkies [II [3 [9] and Shioda '23 constructed many lattices of high density as Mordell- 
Weil lattices of elliptic surfaces in positive characteristics. See also [4!. page xviii]. 

Remark 6.3. In [23], we have obtained a dense lattice of rank 86 from the Fermat 
cubic 6- fold in characteristic 2. This lattice is also closely related io M.c- 
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